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On Harmonic and Pseudoharmonic Maps from Strictly 
Pseudoconvex CR Manifolds 

Tian Chong Yuxin Dong Yibin Ren Guilin Yang 


Abstract. In this paper, we give some rigidity results for both harmonic and pseu¬ 
doharmonic maps from CR manifolds into Riemannian manifolds or Kahler manifolds. 
Some basicity, pluriharmonicity and Siu-Sampson type results are established for both 
harmonic maps and pseudoharmonic maps. 


1 Introduction 

In 1980, Sin [22] studied the strong rigidity of compact Kahler manifolds by using the 
theory of harmonic maps. The basic discovery by Siu was a new Bochner-type formula for 
harmonic maps between Kahler manifolds, which does not involve the Ricci curvature tensor 
of the domains. Using the modified Bochner formula, he proved that any harmonic maps 
from a compact Kahler manifold to a Kahler manifold with strongly semi-negative curvature 
are actually pluriharmonic and some curvature terms of the pull-back complexifed tangent 
bundles vanish. When the target manifolds are Kahler manifolds with strongly negative 
curvature or compact quotients of irreducible bounded symmetric domains, the vanishing 
curvature terms, under the assumption of sufficiently high rank, force the maps to be either 
holomorphic or anti-holomorphic. Later, Sampson [2T] showed that any harmonic maps from 
compact Kahler manifolds into Riemannian manifolds with nonpositive Hermitian curvature 
are also pluriharmonic, which generalized the pluriharmonicity result of Siu to more general 
targets. Pluriharmonic maps, holomorphic maps and Siu-Sampson type results have many 
important applications in geometry and topology of Kahler manifolds. The readers are 
refered to |25| for details. 

In 2002, Petit m established some rigidity results for harmonic maps from strictly pseu¬ 
doconvex CR manifolds to Kahler manifolds and Riemannian manifolds by using tools of 
Spinorial geometry. First, he proved that any harmonic map from a compact Sasakian man¬ 
ifold to a Riemannian manifold with nonpositive sectional curvature is trivial on the Reeb 
vector held. A map with this property will be called basic. Next he proved that under suit¬ 
able rank conditions the harmonic map from a compact Sasakian manifold to a Kahler man¬ 
ifold with strongly negative curvature is CR holomorphic or CR anti-holomorphic. However, 
it seems that Petit m did not specihcally discuss the relevant notions of pluriharmonicity. 
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On the other hand, E. Barletta et al. in [T] introduced the so-called pseudoharmonic maps 
from CR manifolds which are a natural generalization of harmonic maps. In his thesis [1], 
T.-H. Chang discussed some fundamental properties of pseudoharmonic maps. 

In this paper, we will establish some rigidity results for both harmoinic maps and pseu¬ 
doharmonic maps from CR manifolds by using the moving frame method. First, we find a 
result about the relationship between harmonic maps and pseudoharmonic maps from CR 
manifolds, which claims that these two kinds of maps are actually equivalent if the maps 
are basic. By the moving frame method, we not only recapture Petit’s result about har¬ 
monic maps from compact Sasakian manifolds to Riemannian manifolds with nonpositive 
curvature (Proposition 5.1), but also show that the result is still valid for pseudoharmonic 
maps (Theorem 5.1). 

The usual Bochner-type formula for the energy density of harmonic maps was given 
in m- In [4], T.-H. Chang derived the CR Bochner-type formula for the pseudo-energy 
density of a pseudoharmonic map (p (Corollary 4.1). Unlike the Bochner formula of harmonic 
maps, there is a mixed term iiPaP^aO ~ appearing in the CR Bochner formula for 

the pseudoharmonic map. When p is a function, it is known that the CR Paneitz operator, 
which is a divergence of a third order differential operator P, is a useful tool to treat such 
kind of term. One important property of the CR Paneitz operator is its nonnegativity 
when the dimension of the CR manifold > 5 (cf. [3]). We generalize the operator P to 
a differential operator, still denoted by P, acting on maps from a strictly pseudoconvex 
CR manifolds into a Riemannian manifold, and establish similar nonnegativity under the 
assumptions that the domain CR manifold has dimension > 5 and the target manifold 
is of nonpositive Hermitian curvature (Theorem 4.1). This enables us to establish a CR 
Bochner-type result for pseudohamonic maps (Theorem 4.2). 

As mentioned previously, the notion of ’pluriharmonicity’ is important for Siu-Sampson 
type results and other potential applications. We hope to disccuss suitable notion of pluri- 
harmonic maps from CR manifolds. On a CR manifolds, we have two canonical connections, 
that is, the Levi-Civita connection of the Webster metric and the Tanaka-Webster connec¬ 
tion of the pseudo-Hermitian structure. As a result, there are two kinds of second funda¬ 
mental forms for a map from a CR manifold to a Riemannian manifold: the usual second 
fundamental form B and a new second fundamental form j3. The later one is defined with 
respect to the Tanaka-Webster connection of the domain CR manifold and the Levi-Civita 
connection of the target Riemannian manifold (see Section 2). Using B, lanus and Pastore 
m defined two kinds of pluriharmonic notions. In [8], Dragomir and Kamishima introduced 
the notion of CR pluriharmonic map by means of /3. It turns out that a CR pluriharmonic 
map is basic and pseudoharmonic, and thus it is harmonic too. In addition, when the target 
manifold is Kahler, the CR pluriharmonic maps in [8] are more compatible with the CR 
holomorphic maps defined in m in the sense that any CR holomorphic maps are automat¬ 
ically CR pluriharmonic. We also discuss the relationships between the CR pluriharmonic 
maps and those defined by lanus and Pastore. Next, using the Siu-Sampson technique, we 
prove that any harmonic maps or pseudoharmonic maps from compact Sasakian manifolds 
to Riemannian manifolds with nonpositive Hermitian curvature or Kahler manifolds with 
strong semi-negative curvature are CR pluriharmonic (Theorems 6.1, 6.2). If the target is 
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a Kahler manifold with strongly negative curvature and the rank of the map > 3 at some 
point, then the harmonic map or the pseduoharmonic map is CR holomorphic or CR anti- 
holomorphic (Theorem 7.2). In [iTj, the author announced a similar result for harmonic 
maps using different technique. When the target is a locally Hermitian symmetric space of 
noncompact type whose universal cover does not contain the hyperbolic plane as a factor, 
we show that the harmonic maps or pseudoharmonic maps are CR holomorphic under some 
explicit rank conditions (Theorem 7.1). These generalize some similar results in [5] to the 
CR case. To derive the above results, we also investigate the conic extensions of harmonic 
maps, CR pluriharmonic maps and CR holomorphic maps from Sasakian manifolds respec¬ 
tively, and establish also a unique continuation theorem for CR holomorphicity (Proposition 
7.3). Using a technique in |18] . we consider harmonic maps and pseudoharmonic maps from 
complete noncompact CR manifolds too. Under some decay conditions, some basicity and 
pluriharmonicity results are given. 

Finally, we would like to mention that the second author [7] has established similar 
rigidity results including Siu type results for pseudoharmonic maps between CR manifolds. 
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2 Preliminaries 

2.1 Pseudohermitian structures 

A smooth manifold M of real (2m + l)-dimension is said to be a CR manifold (of type 
(m,l)) if there exists a smooth m-dimensional complex subbundle Ti^M of the complexifed 
tangent bundle T'^M = TM (g) C, such that 


T\flM n TopM = {0} 


and 

[r°°(ri,oM),r°°(ri,oM)] c r°°(ri,oM), 

where Tq^iM = Ti^qM. The subbundle Ti^qM is called a CR structure on M. Equivalently, 
the CR structure may also be described by the real subbundle H{M) = Re{Ti^QM(BT q^iM}, 
which carries a complex structure J : H{M) —?■ H{M) given by 

J{Z + Z) = y/^{Z - Z) 
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for any Z G Ti^M. 

Hereafter we assume M is orientable. Set 


= {a; G r;M : Ker(w) D 

for any x G M. Then E ^ M becomes an orientable real line subbundle of the cotangent 
bundle T*M, and thus there exist globally defined nonvanishing sections 9 G T°°{E). Any 
such a section 9 is called a pseudo-Hermitian structure on M. The Levi form Gq of 9 is 
defined by 

Gg{X,Y) = d9{X,JY) 

for any X,Y G H{M). An orientable CR manifold endowed with a pseudo-Hermitian 
structure is called a pseudo-Hermitian manifold. A pseudo-Hermitian manifold (M, J, 9) is 
said to be a strictly pseudoconvex CR manifold if Lg is positive definite. Standard examples 
for strictly pseudoconvex CR manifolds are the odd-dimensional spheres and the Heisenberg 
groups. 

From now on, we always assume (M, J, 9) is strictly pseudoconvex. Consequently there 
exists a unique nonvanishing vector field T on M, transverse to H(M), satisfying 9{T) = 1 
and T_id9 = 0. The vector field T is referred to as the characteristic direction or the Reeb 
field of (M, J, 9). Extending J on TM by JT = 0, we can extend Lg on TM by the same 
formula as above. This allows us to define a Riemannian metric gg, called the Webster 
metric, as follows: 

ggiX, Y) = GginuX, tthY) + 0(X)0(y), 

for any X,Y G TM, where tth : TM ^ H{M) is the natural projection. Then the two-form 
n defined by H(X, T) = gg{X, JY) coincides with the two-form —d9. 

On a strictly pseudoconvex CR manifold, there exists a canonical connection preserving 
both the CR structure and the Webster metirc. 


Proposition 2.1. (cf. [1^ Let (M, J, 9) he a strictly pseudoconvex CR manifold 
and gg the Webster metric of {M,J,9). Then there exists a unique linear connection V on 
TM, called the Tanaka-Webster connection, such that: 

(1) the Levi distribution H{M) is parallel with respect to V; 

(2) Xgg = 0, VJ = 0, X9 = 0 (hence XT = 0); 

(3) the torsion Ty ofX satisfies T^{X,Y) = —Ll{X,Y)T and Ty{T,JX) = —JTy{T,X), 
for any X,Y € H{M). 

Unlike the Levi-Civita connection, the torsion Ty of the Tanaka-Webster connection 
V is always non zero. The TM-valued 1-form r, defined by t{X) = Ty(T, A), for any 
X G T{M), is called the pseudo-Hermitian torsion of V. Note that r is self-adjoint and 
trace-free with respect to the Webster metric gg (cf. Chapter 1 of [9]). 

Definition 2.1. A strictly pseudoconvex CR manifold is called a Sasakian manifold if its 
pseudo-Hermitian torsion is zero. 


Set 


Choose a local orthonormal CR frame field {cq = T, ei, • • • , Cm-, Jei, • • • , Jem} on M. 

Tqi = (Cq. y/ It/C q.), Ta — —^(Cq, -|- \/ It/Co)) 
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then {Ta} is a local unitary frame of Ti^M. Let {0,0", 0“} be the dual frame field of 
{T,Ta,Ta}. Clearly Proposition 12.11 implies that there exist uniquely defined complex 1- 
forms 0|g G r°°(r*M) ® C such that 

where 0^ = 0^- These are the connection 1-forms of the Tanaka-Webster connection V. Set 
r(r„) = and A{Ta,,Tp) = gg{T{Ta),Tp) = A^p, then A^ji = A^b^^ = A^. We denote 

r" = ^|0^, then r = r" 0 -h r" (g) T^. Write = 9e{R{Tx,Tfi)Ta,T^) = S^/sR^xfi- 

Lemma 2.1. (cf. W^) The structure equations for the Tanaka-Webster connection of 
{M,6,J) in terms of local orthonormal CR coframe field {0,0", 0"} are 

d9 = A 0^, 

d0" = 0/^ A 0^ + 0 At", 0f + 0| = O, (2.1) 

d0^ = -0"A0^ + n^, 

where 

= i?"^^-0T' A 0^ + W^^9'^ A 0 - W^^0^ A 0 + v^9^ At" - A 0", (2.2) 

and 

= h^^A^^-s, = h^-pT^ 0„ = h^-p9^ (2.3) 

where R denote the curvature tensor ofV. 

From m, one may derive that (cf. [27]): R^^xp, = Rxjiap- The pseudo-Hermitian 
Ricci tensor is given by Rxp = Rfap = R%xp- 

For a strictly pseudoconvex CR manifold (M^™'"*'^, J, 0), we denote by the Levi-Civita 
connection of the Webster metric gg. From Lemma 1.3 of [9], we know the relation between 
the Tanaka-Webster connection V and Levi-Civita connection V® of (M, J, 0): 

V® = V +(^fl-^) (8) T + r® 0 + ^0 0 7, (2.4) 

where A{X,Y) = gg{TX,Y), {9 qJ){X,Y) = 9{X)JY + 9{Y)JX (cf. also [E]). By dTiH . 
we have 

V^T = riX) + ^JX. 

In particular, V^T = 0. If X, T G H{M), then 



v^y = vxT + y) - ^(y, y)]r. 

(2.5) 

Lemma 2.2. 

For any local orthonormal CR frame field {e/ij^O’ have 



2m 

2m 



E 

= E 

(2.6) 


A=0 

A=0 


In particular, 

we get 




2m 

2m 



E 

= E ^eA^A- 

(2.7) 


A=1 

A=1 
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Proof. By (12.41) . we have 

2n 2n 

X! “ XI = -trace{T)T = 0. 

A=0 A=0 

Since V^T = VtT = 0, (12.7p is valid. I 
As a result of Lemma 12.21 we have 

Lemma 2.3. Let {M, J, 6) be a strictly pseudoconvex CR manifold and let X be any vector 
field on M. Then 

2n 

divX = E geiVe^X, ca). 

A=0 

where V is the Tanaka-Webster connection of M and is a local orthonormal CR 

frame field on M. In particular, if X ^ H{M), then 

2n 

divX = E gg{Ve^X, ca). 

A=1 


2.2 Harmonic maps and pseudoharmonic maps 

Let (M, J, 9) be a strictly pseudoconvex CR manifold with the Tanaka-Webster connec¬ 
tion V and let {N,h) be a Riemannian manifold with Levi-Civita connection V^. For a 
smooth map cj) : M ^ N, there are two induced connections and X 'S)4>~^X^ on 

T*M iSi (j)~^TN. Using these two connections, one may define the usual second fundamental 
form B and a new second fundamental form /? (cf. [T7|) for the map (j) as follows: 

B{X, Y) = V^{d(f{X)) - #(V^X) (2.8) 

and 

I5{X, Y) = X^{df>{X)) - dcfiXyX), (2.9) 

where is written as for simplicity. Due to Lemma 12.21 we have 

tracCggB = traccgg/l. ( 2 - 10 ) 

Recall that a map cf is called harmonic if t^{ 4>) := tracCg^B = 0 (cf. [10]). As a result of 
(|2.inp . the harmonicity of cf can also be defined by /3. Note that the most advantage of 
using V in (|2.9I) is that the Tanaka-Webster connection preserves the CR structure; a little 
disadvantage of using V is that /3 is no longer symmetric. However, we will see that the 
non-symmetry of j3 may also lead to some unexpected geometric consequences. 

For any bilinear form C on TM, we denote by tthC the restriction of C to H{M)®H{M). 

Definition 2.2. A map cf : J, 0) —>■ {N,h) from a strictly pseudoconvex CR man¬ 

ifold to a Riemannian manifold is called a pseudoharmonic map if it is a critical point of 
the following pseudo-energy functional 

Enicf) = [ enicf)^ ( 2 . 11 ) 

Jm 

where enicf) = ^traceGgiTCH<f*h) is the pseudo-energy density of cf and 'k = 0 A (dO)^ is 
the volume form of gg. 
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Proposition 2.2. (cf. IH \^) Let (j) : J, 0) —>■ {N,h) be a smooth map from a 

strictly pseudoconvex CR manifold to a Riemannian manifold. Let t{4>) he pseudo-tensor 
field of 4> defined by 

r{(j)) = tracecgiTTHfi)- (2.12) 

Then cf is pseudoharmonic if and only if T{(j)) = 0. 

From Lemma 12.21 it is easy to see that 

T{fi) = tracecgi-n-HB). (2.13) 

Definition 2.3. A smooth map (j) : J, 0) —)• {N,h) is called basic if dfifiT) = 0. 

Proposition 2.3. Let {N,h) be a smooth map. Assume that S/lf{d(j){T)) = 

0, that is, d(j){T) is parallel in the direction T with respect to the pull-back connection 
Then T^{(t)) = T{(j)); and thus (j) is harmonic if and onlu if (j) is pseudoharmonic. 

Proof. Choose a local orthonormal CR frame field = {T, ei,e 2 -- - ,e 2 n}. Using 

Lemma 12.21 and the assumption, we compute 

2n 

T\fi) = ^[V,\(d<))(e^))-#(Vf^e^)]+V^(#(T)) 

2n 

= Y.\^^eMfi{eA))-dfi{V,^eA)] 

A=l 

= (2.14) 

I 

Corollary 2.1. Let (j) : (M^’”"’'^, J, 6) -A {N, h) be a haisc map. Then cf) is harmonic if and 
only if (f is pseudoharmonic. 

Definition 2.4. Let cj) : (M, J, 9) -A {N, h) be a smooth map from a strictly pseudoconvex 
CR manifold into a Riemannian manifold. We say that 

(i) (JT^) 4> is J-pluriharmonic, if B{X,Y) + B{ JX, JY) = 0, for any X,Y e TM 
(a) (JT^) 4> is H-pluriharmonic, if B{Z, W) + B{ JZ, JW) = 0, for any Z,W ^ H{M); 
(in) (j) is B-pluriharmonic, if B{T,T) = 0 and B{Z,W) B{JZ, JW) = 0, for any Z,W ^ 
H{M); 

(iv) (IBf) (f) is CR pluriharmonic, if /3{Z, W) + (3{ JZ, JW) = 0, for any Z, VF G H{M); 

(v) (m) When {N,h) is a Kdhler manifold with complex structure J', is called a CR 

holomorphic (resp. CR anti-holomorphic) map, if 

d(j) o J = J'o d(j), {resp. dfi o J =—J'o dfi). (2.15) 

Remark 2.1. (1) The concepts of J-pluriharmonic map and H-pluriharmonic map were 
introduced by lanus and Pastore in m where J and H{M) are denoted by (p and D respec¬ 
tively. And they proved that the J-pluriharmonic maps are harmonic. 

(2) Dragomir and Kamishima in introduced the notion of CR pluriharmonic maps 
under the name of d-pluriharmonic map, and then they proved that every CR pluriharmonic 
map is a pseudoharmonic map. 
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(3) In /ny the authors introduced the notion of CR holomorphic map under the name 
of the (J, J')-holomorphie map. They proved that the CR holomorphie map is harmonic. If 
(M, g, J) is a Kdhler manifold, {N, h) is a Riemannian manifold and the map (f : M ^ N 
satisfies 

B{X,Y)+B{JX, JY) = 0, 

for any X,Y € TM, then the map (f is called a pluriharmonic map (cf. \26f ). 

Obviously, J-pluriharmonicity implies B-pluriharmonicity, and B-pluriharmonicity im¬ 
plies H-pluriharmonicity. Both J-pluriharmonic maps and B-pluriharmonic maps are har¬ 
monic. By (I2.12P and (I2.13I1 . both the CR pluriharmonic map and the H-pluriharmonic 
map are pseudoharmonic. 

Proposition 2.4. (i) (cf. J^) If (f : {X,h) is CR pluriharmonic, then (f is a 

basic and pseudoharmonic map. Moreover, (j) is B-pluriharmonic too. 

(a) If (f : {M,J,0) —>■ {N,h) is baisc and H-pluriharmonic, then cf is CR pluriharmonic. 

Proof, (i) For any Z = X - ^fXJX, W = Y - ^I^JY € TpoM, we have 

/3(Z,TF) = /3(X, Y) + /3(JX, JY) + a/^[/3(X, JY) - /3(JX, R)], (2.16) 

thus we get that (f is CR pluriharmonic if and only if = 0. Thus the CR 

pluriharmonic map is pseudoharmonic. 

On the other hand, we have 

0 = I3{Z,W)-(3{W,Z) 

= d^{Ty{Z,W)) 

= -n{Z,W)d(j){T) 

= V^g0{Z,W)df){T). (2.17) 

If we take Z = VF / 0, then ge{Z, W) 0, thus we have d4>{T) = 0. 

For any X, T E H{M), by (12.511 and A{JY, JX) = A{Y,X), we have 

B{X, Y) + B{JX, JY) = /3(X, Y) + /3(JX, JY) - n{Y, X)d(j){T). (2.18) 

Thus if (f is baisc, then the CR pluriharmonic map (j) is B-pluriharmonic. 

(ii) This can be proved by ()2.18p . I 

Proposition 2.5. Suppose (p : {M,J,6) — {N,h,J') is a CR Xholomorphie map from a 
strictly pseudoconvex CR manifold M into a Kdhler manifold N. Then f is CR plurihar¬ 
monic. 


Proof. Suppose cf is CR holomorphic map. For any X, T E H{M), we have 


/3(JX,T) 


V^((/>(JX)) -#(VyJX) 
V^(J'#(X)) - dpiJiVyX)) 
J'V^(#(X)) - j'dpiVyX) 
J'f3{X,Y). 


(2.19) 








Since J'd(l){T) = d4>{JT) = 0, we get that 0 is baisc. Because of f3{X,Y) — /3(Y,X) = 
—Q{X,Y)d4>(T), we have that fd is symmetric on H{M) ® H{M). Thus we derive 

/3{JX,JY) = f/3{X,JY) = fp{JY,X) = -/3{Y,X) = -P{X,Y). 

Therefore, the map cj) is CR pluriharmonic. If cf) is CR anti-holomorphic map, the conclusion 
can be proved in a similar way. I 

3 Commutative relations 

Let (j) : J, 6) —>■ (iV”, h) be a smooth map from a strictly pseudoconvex CR man¬ 

ifold into a Riemannian manifold. Choose a local orthonormal CR coframe field {6,0°‘,d°‘} 
on M and a local orthonormal coframe field {w*} on N. Throughout this paper we will 
employ the index conventions 


A, B,C = 0,1, - ■ ■ , m, 1, • • • , m, 

a,/3,7 = 1, • • • ,rn, 
hj,k = !,■■■ ,n, 

and use the summation convention on repeating indices. The structure equations for the 
Riemannian connection of {N, h) in terms of local orthonormal frame {w*} are 

dw* = —Uj A , Uj +oj{ =0, 

dw* =-4 Awj^ + n;., (3.1) 

where fl*- = A oj^ are the components of the curvature form of V^. 

Under the map (f> : M ^ N, we have 

^*00^ = + 4d“ + 4d. (3.2) 


Hereafter we will drop (j)* in such formulas when their meaning are clear from context. By 
taking the exterior derivative of (13.21) and making use of the structure equations (I2.1I1 - (I2.3I1 
and (13.Ih . we get 


A 

A d“ - 444^ A e - 44 / 30 ^ a d = o. 

(3.3) 

where 



^4 = 

d4>a - + 44 = 4s^^> 

(3.4) 

^4 = 

d4- 4^1 + 44 = 4^0'', 

(3.5) 

^4 = 

4o + 44 ~ 4b^^- 

(3.6) 

From ()3.3I) it follows that 



4/3 = 4^ “ ^ 

4 = \4Tda/34) 4a - 4o = 44«- 

(3.7) 
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Then the map (p is harmonic if and only if 


4'aa + 4>dia + 4>00 “ 0 ) 
and (p is pseudoharmonic if and only if 

^aa + = O' 

Differentiating the equation (j3.4p and using the structure equations in M and N, we 
have 

Dcpii, ^e^ + A A e - cp^^-pAp,e^ ^ e = -cp^^ni + ( 3 . 8 ) 

where 

DcPl,^ = + 

DcPU = dcPl^,-cPl^oOl+€o^) = ^UBO^- 

From ()3.8p . we get the following commutative relations 


^afi'y 

= 47/3 ~ 4444'fc^ 

(3.9) 

0:^7 

~ ^7^ ~ ^a4’p(p’‘^d^jkl + V^dai3(p\Aj^^ — y/^6a-y(pxA^^, 

(3.10) 


= ^a^l3 — 4>ii4>p(l^’'^^)kl + 4>\Ra0^ + ■4^<5/374o) 

(3.11) 

(i^al30 

= “ 444-^4; + 4^"/3.7 “ 474/3’ 

(3.12) 

4^0 

~ 4o/3 “ 4444 ^/ “ 447,« “ 474/3’ 

(3.13) 


where o 0. 

Since the formula (13.51) is the complex conjugate of (I3.4p . then, after taking the exterior 
derivative of (j3.5h and using the structure equations, we find that the complex conjugate of 
formulas (|3.9p - (l3.13l) are valid too. 

Similarly the exterior derivative of (|3.6p yields that 

A 0^ + A 0“ - (piA^pe~^ A 0 - A 0 = 4^', (3.14) 

where 

D(p0a = d(pQ^ — (poisOa + 4a4 “ 

D(pQQ = d(pQQ + (pQQiOj = (PQQSO^. 

We get from (13.141) the commutative relations 

4a/3 = 4>0l3a ~ 444-^1^’ (3.15) 

^Oap ~ ^Opa ~ ^O^a^’pdV'jkl + V”1^q/3</'oO) (3.16) 

4oq: = 4q:0 “ 444-^)a;Z + (3-17) 
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From (j3.7l) . we can derive: 


^ Q^7 


(3.18) 

^ Q/97 


(3.19) 

4>0al3 


(3.20) 



(3.21) 


If {N,h) is a Kahler manifold, we choose a local orthonormal coframe field {a;*, a;*} 
on N. The structure equations for the Riemannian connection of {N, h) in terms of local 
orthonormal frame {w'jW*} are 


dw* = —uij A , iOj +oj^ = 0, 
duij = —Lol A cuj + n*, 


(3.22) 


where fl*- = -uj^ A ojK Similar to the above discussions, we may obtain the following 

J jkt 

commutative formula: 


4 CR Bochner type result 

Let , J, 6) be a compact strictly pseudoconvex CR manifold. In [T2l |T3] the 

authors introduced the following differential operator acting on functions 

Pf = E(/-/3 + V^rnA^^U)0>^ = iP^f)ef^, 

which charecterizes CR pluriharmonic functions on M. In [3] S.-C. Chang and H.-L.Chiu 
discussed the CR Paneitz operator 

Pof = A[6,iPf) + 6,iPf)], 

where 5b is the divergence operator that take (1,0)-forms to functions, and they proved that 
when m >2, the corresponding CR Paneitz operator is always nonnegative, that is 

f Po/-/'h>0, 

JM 

where T is the volume form of ge. 

Now we want to generalize the operator P to an operator, still denoted by P, acting on 
maps from strictly pseudoconvex CR manifolds into Riemannian manifolds. We will estab¬ 
lish similar nonnegative property for the generalized operator P under suitable condition. 
Suppose (p : J) — {N^,h) is a smooth map from a strictly pseudoconvex CR 

manifold M into a Riemannian manifold N. We choose a local orthonormal CR coframe 
field {0,0“} on M, a local orthonormal frame field {Ei} on N. We still use the notaions 
of the last section. Define 

pp = {P^clpe^ ® Ej, 
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(4.1) 


where Ppcj) = + ^/^mA|3a<Pa■ 

Let 

(^Wi = + 4>a'i>al3(^^ + 4’'a4’''aP^^ ■ 

Evidently the 1-form Ow\^ which is a well-defined on M, is the 1-form corresponding 
to the horizontal gradient V^(ej 7 ((/>)) of ((/>), where V^(e/f(0)) = HhV{ eH{4>)) and 
gei'^en{(!>), X) = X(e//(0)) for any X G x{M)- 

Lemma 4.1. Set Rijki = QipR^jki = = ^)ki- 

divOw^ = + Wap\^) + ^b'r{4>))) + 

(4.2) 

w/iere Vbr(^) = ((/)*„^^ -h </>*io^)6'^ 0 Ej -h ((/>)^-^ -h «> E*, and ((•, •)) is t/ie metric in 

T*M ® (f)~^TN induced by gg and h. 

Proof. Using Lemma 12.31 and the commutative relations in Section 3, we compute 
divOwi = (</’a</’)i^)>^+(</’ u</’L/3))^+(</’L</’s/ 3)5/3+(‘?^u'?^a^)5/3 

+‘^S/3</’L/3 + ‘^S</’L/3/3 

= 2(|<?ij,^l2 + |</,^^|2) + {{dgcf, V,r(</.))) + 2<t^^ct^^-pRic^p - 

- 2 ( 0 )^ 40 ^ 415 ^; + 0L0'4^0^-44). 

■ 

From (j3.7p . (j3.1ip and (I3.19E we get immediately the following Lemmas 4.2, 4.3 and 
4.4. 

Lemma 4.2. 

v^(0L0)iO-0^0Lo) = -((^0 + )F¥,40))--((40,VbT(0))) 

m m 

+V^(0L0/3^a/3 ~ 0S0^^«/3)- (‘^•3) 

Thus we have 

Corollary 4.1. 

divOwo = 2(|0),_gl^-1-|0)^^|^)-|-(1-|-—)((dfe0, Vfer(0)))-|-20)^0^i?iCa/3 
_^(^ + 2)(0),0),7l^^ - 0*^0|^„/5) - ^((P0 + P0, Vb0)) 
-2(010^^0^0^-i?)4 + 0i0^^0|0^i?4)), (4.4) 


Remark 4.1. S'ince divOwi = ^b(e_H'(0)), t/ie formula o,nd are both called the 

CR Bochner formulae. 







Integrating both sides of (14.31) and using the divergence theorem, we get 

Jm m Jm inn Jm 

+v^ (4.5) 

Lemma 4.3. 

[ (C</>uo - </>sCo)^ = / (</'o)^^-v^/ {(t>^^4>'0A^-p - (l>a4>"pA^p)'^. (4.6) 

JM JM Jm ^ 

Lemma 4.4. 

2 / = -2 f + f (44o - 

Jm ^ J M ^ JM 

+2^<))j,40j445'h. (4.7) 

Integrating (I4.2p on M and substituting (14.71) into it, we have 

0 = 4 / \Tm^^ + ^{rn- 2 ) ! (44o-44o)^ 

JM ^ JM JM 

-V^m j {(t)^^(t>"^A0 - 4>l^4>^^Aafj)^ 

'j A(f 

By the Bianchi identity, we find 

“ 4444 "^^^^ ~ 4444 ^"^*^^ Riijk) 



Hence 

0 = 4/ |r(4|24/ + V^(m-2) / (44o " 44o)^ 

JM ^ JM JM 

-y/^m f (444/3 - ^i^sAap)^ - 4 / (4.8) 

Jm ^ Jm 

Calculating (14.50 xlm — li — (I4.6p and substituting the result into the above formula, we 
have 

0 = 4 / \ TmH-mj (4)^4/+ ^^"^"^^ f ((P,). + P0,44)4/ 

Jm ^ m Jm Jm m Jm 

-4/ 4444-7^/4/. (4.9) 

Jm ^ 

we conclude 

-[ {{Pcp + p^,d,<p))^>-^^ [ 444l444^- (4-10) 

JM m - 1 Jm ^ ^ 
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Definition 4.1. (cf. ]21^) A Riemannian manifold {N^,h) is said to have nonpositive 
Hermitian curvature if 

Rijkiu^v ^< 0, (4-11) 

for any complex vectors u and v. 


From (I4.10p . we have 

Theorem 4.1. Let J, 0) he a compact strictly pseudoconvex CR manifold with 

m >2 and {N, h) be a Riemannian manifold with nonpositive Hermitian curvature. Suppose 
(f : M ^ N is a smooth map, then 


Let’s denote 



{P(j) + P(j),db(j))'i> > 0. 


Ric{X,Y) = R^-pX^yP, 

Tor{X,Y) = V^{A^pX^Y~^ - A^pX^Y^), 

where X = X"r„, Y = Y^Tp and R^p = Rf^^ ^ is the pseudo-Hermitian Ricci curvature of 
XL We denote {Xb4>’')c = 4>a'^a- 


Theorem 4.2. Let J, 0) be a compact strictly pseudoconvex CR manifold with 

m > 2 and (N, h) be a Riemannian manifold with nonpositive Hermitian curvature. Let 
(f : M ^ N be a pseudoharmonic map. Suppose that 


[2Ric-{m + 2)Tor){Z,Z) >0, (4.12) 

for any Z G (Ti^qM) , then 

(i) (f> is horizontal totally geodesic, that is cjL'^p = = 0. /n particular, (f> is baisc; 

(a)If (2Ric — {m + 2)Tor^{Z, Z) > Q at one point in M, then cj) is constant. 

Proof, (i) By (14.41) . we have 

0 = 2 / |2 + |</,^ |2),l;_(l + l) / {Pcf + P^,db<f)^ 

+ [ {2Ric-{m + 2)Tor){{Xbcl)%,Xbcl)%)'i’ 

JM 

By Theorem 4.1, the CR Paneitz operator from M into N is nonnegative. Because of the 
curvature condition of N, the last term of the above formula is nonnegative. Since (4.11) 
and cj) is pseudoharmonic, we get 

o> + 

Hence (fl^p = = 0. From cf^'^p = 0, we see that (f> is CR pluriharmonic, so cj) is baisc. 

(ii) Since cj) is baisc and pseudoharmonic, by Proposition [231 we have that cj) is harmonic. 
By the curvature condition of M, we have {Xb4>'^)c = 0 in some neigberhood U of that point. 
Thus we get (f is constant in U. It follows from the unique continuation theorem (cf. [20) ) 
that (p is constant on M. I 


14 




Remark 4.2. If the manifold M in Theorem f.2 is Sasakian and Ric{Z, Z) > 0, we have 
/? = 0 . 

5 Basicity of harmonic and pseudoharmonic maps 

Suppose (f : , J,d) (dl, h) is a smoooth map from a strictly pseudoconvex 

CR manifold into a Riemannian manifold. We choose the orthonormal CR coframe field 
on M and the orthonormal coframe field {w®} on N respectively. We still use 
the notaions in Section 3. Set 

^14^2 = 

9wz = {4>o4>Oa6°' + 4>b4>Oa(^°‘) 

Clearly Owz-: ^Wz are well-defined global 1-forms on M. In fact, Owz is the 1-form correspond¬ 
ing to the vector field ^'V\d(j){T)\^ and is the 1-form corresponding to the horizontal 
gradient \V^\dcl){T)\^ = |nHV|#(T)|2. 

By the commutative relations in section 3, we have 

Lemma 5.1. 

div9w2 = 2|(/>^„p + |(/>^ol^ + </’o(Cao + </>Lo + </'ooo)-2(/'o</'^</>o4^*ifc« 

+2</>0</’^"4/3a,a + 2(?io</’^^/3a,a + + ‘d(l)\)(ph^Apa', (5.1) 

div9wz = 2|(/)0q,P -I- foifaaO + </’Sao) “ ‘d(j)Q(jP^(j)Q(f}g^Rijkl 

+2'/>0'/’^^,fla,a + (5.2) 

Remark 5.1. In fact, div9w2 = \dl\d(j){T)\^, and div9y/z = \d^b\d4>{T)\‘^. 

Definition 5.1. Let (p : M ^ N be a smooth map from a strictly pseudoconvex CR man¬ 
ifold M into a Riemannian manifold N. The second fundamental form /3 is called split if 
/3(T,X) = 0 for any X G H{M). 

Remark 5.2. According to |g. 7] ), the condition j3{T,X) = 0 for X G H{M) is not equiva¬ 
lent to f3{X,T) = 0 for X G II{M) in general. From Proposition \2.1\ and i2.9\) . it is easy 
to see that if cp is baisc, then the second fundamental form ft is split. The next result shows 
that if the domain CR manifold is compact, the converse is also true. 

Lemma 5.2. Let (p : M ^ N be a smooth map from a compact strictly pseudoconvex CR 
manifold M into a Riemannian manifold N. If the second fundamental form /3 is split, then 
(p is basic. 

Proof. By the integration by parts and the commutative formulae (13.71) . we have 
0 = V^ [ {<Pi4^ - cplcPlJ^ = -V^ [ (Ca </>0 - = m f IcPhf'i'. 

JM Jm JM 

Thus we have (p^ = 0, i.e., d(p{T) = 0. I 

First, we prove the following result of Petit by the moving frame method. 
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Proposition 5.1. (cf. JT^) Let , J, 6) be a compact Sasakian manifold and {N,h) 

be a Riemannian manifold with nonpositive curvature. Suppose (f : M ^ N is a harmonic 
map. Then cf is basic. 

Proof. Since cf is harmonic, we have DT^^cf) = 0. Consequently, “I" + ^000 — 0- 

The Sasakian condition for M means that = 0, for any a, j3, then (|5.ip becomes 

div9w2 = ‘^\4>Qa\^ + \4>Oo\^ — ‘^fof^a4>o4>‘a^ijkl- 

Since the sectional curvature of N is nonpositive, we take = '^(^a — iJoa) and = 
-^(cq, + iJca) and compute the following curvature term to find 

cfl^cficf^Jl^l 

= h(R{dcf{T),d<f{Tsf))dcf{To^),dcf{T)) 

= -h{R{d(j){T),d(l){ea + iJea))d(j){ea — iJoa), d(j){T)) 

= ]^[h{R{d(l){T), d(l){ea))dcj){ea), dcfiT)) + h{R{dcj){T),d(l){Jea))dcj){Jea), #(T))] 

< 0 . 

Therefore 

div9w2 > 2|4,P + |4oP- (5-3) 

The divergence theorem yields 

^00 = ^Oa = ‘/'Oo = 0- 

The fact that cf is basic can be easily obtained by Lemma 15.21 I 

The next result shows that Petit type result is also true for pseudoharmonic maps. 

Theorem 5.1. Let J, 0) be a compact Sasakian manifold and {N,h) be a Rieman¬ 

nian manifold with nonpositive curvature. Suppose cf : M ^ N is a pseudoharmonic map. 
Then cf is basic and harmonic. 

Proof. Since cf is pseudoharmonic, we get 

4>^aaQ + 4>^aa0 = 0- 


By ()5.2p . we have 

div9wi > 2|(/>o«P (5-4) 

Thus cf^^ = cf^^ = 0. By Lemma [5]2] again, we get dcf{T) = 0. I 

Remark 5.3. From Proposition I5.il and Theorem 15.il we see that if M is a compact 
Sasakian manifold and N is a Riemannian manifold with nonpositive curvature, then cf : 
AI ^ N is harmonic if and only if it is pseudoharmonic. 

Now we will use a technique in [18] to treat harmonic maps or pseudoharmonic maps 
from complete noncompact CR manifolds. 
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Proposition 5.2. Let {M,J,9) be a complete noncompact Sasakian manifold of dimension 
2m + 1 and {N, h) he a Riemannian manifold with nonpositive curvature. Suppose (/> : M —)• 
N is either a harmonic map or a pseudoharmonic map. If (f satisfies 

if \d(j){T)\‘^dS)~^ ^ L^{+oo), (5.5) 

JdBr 

where dS is the area volume of dB^, then (p has split second fundamental form jd. 


Proof. We consider only the case p is a, harmonic map, because the other case is analogous. 
By the divengence theorem, (153]) gives 

/ ew,{-^)dS>[ {2\PiJ^ + \pU^)^. (5.6) 

JdBr or JBr 

Recalling the definition of we have 

/ 6w,i-^)dS<{f m^dS}Hf [2\PU" + \Plof]dS}l (5.7) 

JdBr or JdBr JdBr 

Let 

C(r)=/ {2\PlJ + \Pi,\^)^. 

J Br 

Then by the co-area formula, we get 


C [f) — f {‘APoa?' + 

JdBr 

Putting together (|5.6I) and (15.7p and squaring we finally get 


({rf < 



(5.8) 


Next, we reason by contradiction and we suppose pQ^ ^ 0. It follows that there exists a 
R > 0 sufficiently large such that f{r) > 0, for every r > R. Fix such an r. From (15.81) we 
then derive 


C(R)-i 


pr 

C(r-)-' > 

Jr 


dt 


IdBt \^V\ 


and letting r —>■ -|-oo we contradict (15.5p . I 


Corollary 5.1. Let be a complete noncompact Sasakian manifold of dimension 

2m + 1 and {N, h) he a Riemannian manifold with nonpositive curvature. Suppose p : M ^ 
N is either a harmonic map or a pseudoharmonic map. If p satisfies 


[ |#(r)|2^ < Cr^, 

J Sr 


(5.9) 


then p has split second fundamental form Pip). 

Proof. Set 

h{r) = [ |#(T)|2 t. 
JBr 
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So, by the co-area formula, we have 

h'{r) = f \d(f>{T)\^dS. 

JdBr 

From Proposition 3.1 of m, we know that 

^ L^(-boo) implies ^ L^{+oo). 

Suppose that 4> satisfies (|5.9I) . this implies 

Thus we deduce ^ L^(+oo), that is, (j) satishes (15.51) . Hence we prove the corollary. I 

Proposition 5.3. Let 4> '■ J, 0) —)• {N,h) be a smooth map from a complete non¬ 

compact strictly pseudoconvex CR manifold M into a Riemannian manifold N. If the second 
fundamental form /? is split and 


(/ enifhjdS) ^^L^(+oo), 
JdBr 

then (j) is basic. 


(5.10) 


Proof. Since cf has split second fundamental form (3, we have 


= -V-l i div{4>l<f^J^-cj,l,cfI9^)-i^ 


Br 


< 21 


2{[ f 

JdBr JdBr 

Set r]{r) = f^^ |(/)QpT. Then we have 

2 

^V{rf<{[ enimri'ir). 

If (j) is not basic, then for r > 

rr 

m-^-ri{r)-^> / 7-7-WT7, 

Jr JdBt^H{9)dS 

where R is large enough such that r]{R) > 0, and letting r —>■ -|-oo we contradict (15.101) . I 


Theorem 5.2. Let J, 0) be a complete noncompact Sasakian manifold and {N,h) 

be a Riemannian manifold with nonpositive curvature. Suppose cf : M ^ N is either a 
harmonic map or a pseudoharmonic map. If 4> satisfies 


{[ e{(j))dS) ^^L^(+oo), 

JdBr 


where e{(f) 


\tracegg{(j)*h) is the energy density of (j), then cf is a basic map. 


(5.11) 


18 









Proof. Since e((/>) = ^\d4>{T)\'^ + eH{4>): the condition (IS.lip implies both (|5.5p and (15.101) . 
It follows from Proposition 15.21 and 15.31 that cj) is basic. I 


Corollary 5.2. Let (M, J, 6) he a complete noncompact Sasakian manifold of dimension 
2m + 1 and {N, h) he a Riemannian manifold with nonpositive curvature. Suppose (f : M ^ 
N is either a harmonic map or a pseudoharmonic map. If <f satisfies 


then (j) is basie. 





(5.12) 


6 CR pluriharmonicity of harmonic and pseudoharmonic 
maps 

In this section, we give some conditions to ensure the CR pluriharmonicity for both 
harmonic and pseudoharmonic maps from either a compact Sasakian manifold or a complete 
Sasakian manifold. Recall that Petit m gave similar results for harmonic maps from 
a compact Sasakian manifold by using tools of Spinorial geometry, although he didn’t 
mention the notion of CR pluirharmonicity. The moving frame method, which enables us 
to treat both cases of harmonic maps and pseudoharmonic maps, seems more closer to the 
classical methods in differential geometry. Inspired by Sampson’s technique (cf. also [6]), 
we introduce 

= + ( 6 . 1 ) 

Note that Ow^ consists of partial terms of 6wi ■ 

Lemma 6.1. 

- 44J- (6.2) 

Proof. Since the computation for deriving (16.2p is similar to that in Lemma 4.1, we omit 
its details. I 


Theorem 6.1. Let (M, J, 6) be a compact Sasakian manifold of dimension 2m+l and {N, h) 
he a Riemannian manifold with nonpositive Hermitian curvature. Suppose cf : M ^ N is 
either a harmonic map or a pseudoharmonic map. Then cf is CR pluriharmonic and 



(6.3) 


Proof. Since N has a nonpositive Hermitian curvature, the sectional curvature is nonpos¬ 
itive. According to Proposition 15.11 and Theorem 15.11 we know that the conditon that cf 
is harmonic is equivalent to that cf is pseudoharmonic. Besides, the map is basic in this 
circumstance. By (13.7p . we have cf^^^ = cf^^^ for any a, ft. Then we obtain T{cf) = 2(/>^^£'j 


and cf^aa = 

^ ppa 


0 pa¬ 


id 






By (16.211 and the fact that M is Sasakian, we get 


= + l{{dbcl>,VhTm) - 2 C 4 </>l 4 i 5 ^ 

= (6.4) 

Since N has nonpositive Hermitian curvature, we have 

4>a4>’p4>%4>’‘-pRijki < 0 . 

By the divergence theorem, we derive from (16.4p that 4> is a CR pluriharmonic map with 
property (j6.3l) . I 

Let {N'^, h) be a Kahler manifold. The curvature operator Q of is defined by 

{Q{X ^Y),Z ^W) = {R{X, Y)W, Z) 

for any X^Y,Z,W G TM. The complex extension of Q to /\^T^N is also denoted by Q. 
We introduce 

< Q{X A y), Z A IT >= {Q{X A Y),Z KW). 

The Kahler identity of X yields 




Set 


Q(bl) = Q . 


Definition 6.1. (cf. ]2Z^ ) Let (N^. h) he a Kahler manifold. The curvature tensor of {N,h) 
is said to he strongly negative (resp. strongly semi-negative) if 

« »= < 0 (resp. < O; 


for anyi = {Z AW ^ q, Z,W e r°°{TN^). 


Remark 6.1. By comparing the Definitions 4-h o-nd 6.1, we find that the notions of non¬ 
positive Hermitian curvature and strongly semi-negative curvature are equivalent for Kahler 
manifolds. However, we should point out that one cannot introduce the notion of negative 
Hermitian curvature for Kahler manifolds due to the Kahler identity. 


Let 

= + (6.5) 

Then we have 

divOlY^ — + 4’a4’gj3a T ^ Q{4^a A 4’h)i 4^a A <pfj 

-V^{m - - y/^{ct)"o,4>m “ (t>a4>\)a)- ( 6 - 6 ) 
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Theorem 6.2. Let (p : J,6) —)• (N, h) he a harmonic or pseudoharmonic map from 

a compact Sasakian manifold into a Kdhler manifold with strongly semi-negative curvature. 
Then 4> is a CR pluriharmonic map and 

(6.7) 


where (pa = d(p{Ta). 

Proof. Since strongly semi-negative curvature implies non-positive sectional curvature, we 
get that (p must be pseudoharmonic and basic. Then we have and 4>})a — 4>\)a — 0- 

So we get t{<P) = -t- cp'^^^Ej) = 0, i.e., = 0. As M is Sasakian, by ()6.6p 

we have 

divOws = 2\(pl^^\'^- < Q{(pa A (pg), (paA(pi3:$>. (6.8) 

The divergence theorem implies (p is CR pluriharmonic and {{Q{(pa A </>/?), (pa A (pp)) = 0. ■ 
Now we attempt to give some conditions to ensure CR pluriharmonicity for harmonic 
and pseudoharmonic maps from complete noncompact Sasakian manifolds. 

Theorem 6.3. Let (M, J, 0) he a complete noncompact Sasakian manifold and {N, h) he a 
Riemannian manifold with nonpositive Hermitian curvature. Suppose (p : M ^ N is either 
a harmonic map or a pseudoharmonic map. If (p satisfies 

( [ e{(p)dS)~^ ^ L^(-l-oo), (6.9) 

JdBr 

then (p is a CR pluriharmonic map with the property i6.3\) . 

Proof. By Theorem 15.21 we get that (p is basic. Under the conditions in the theorem, by 
(|6.2I) we have 

divOwi > lo¬ 
using the divergence theorem, we get 

( 6 . 10 ) 

On the other hand, by the definition of we have 

Putting together ()6.10p and ()6.1ip and squaring we finally get 

lirf < ( [ eHi(p)dS)-f'{r), ( 6 . 12 ) 

JdBr 

where we have set 

7(0 = / 

JDr 
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Next suppose that (p is not CR pluriharmonic. Then there exists a R > 0 sufficiently large 
such that 7(i?) > 0. For any r > R, from (|6.12l) we can deduce 


7(R)-' 


7(r) ^ > 



dt 


and letting r —)• +oo we contradict (j6.9p . Hence p is CR pluriharmonic. By definition, we 
have 0VV4 = 0- Then (I6.2jl implies that p satisfies ()6.3p . I 


Corollary 6.1. Let {M,J,6) be a complete noncompact Sasakian manifold and {N,h) be a 
Riemannian manifold with nonpositive Hermitian curvature. Suppose p : M ^ N is either 
a harmonic map or a pseudoharmonic map. If 4> satisfies 


' Br 


e(0)T < 


then p is a CR pluriharmonic map with the property i6.3\) . 


Theorem 6.4. Let p : J, 0) —)> {N,h) be a harmonic or pseudoharmonic map 

from a complete noncompact Sasakian manifold into a Kdhler manifold with strongly semi¬ 
negative curvature. If p satisfies 


( f e{p)dS) ^ i L^(+oo), 

JdBr 


(6.13) 


then p is a CR pluriharmonic map with the property (|g. 7|). 


Proof. Obviously, the map p is basic, and hence It follows from (16.8p and the 

divergence that 




i [2 
ct/^l — 


T < 


'B, 


f d 

div9w5^ = / Owy^)dS. 

JdBr or 


By the definition of we have 

d 


I dBr 


Set 


Then 


ewy-^)ds<2{J^^ \phfdsy/^{J^^ \py^dsy/y 
p{r) = f \Pl 

JBr 




p{rf<p'{T){( W^dS). 

JdBr 


(6.14) 


Suppose that p isn’t CR pluriharmonic, then there exists a R > 0 sufficiently large such 
that p{r) > 0 for any r > R. Fix such a R. From (j6.14l) we deduce the following 


p{R) ^ - p{r) 1 > f 
Jr 


dt 


R JdBr 


and letting r ^ +oo we contradict (I6.13p . Hence p is CR pluriharmonic. By definition, we 
get that Ows = 0. Then (j6.6p implies that p satisfies (j6.7h . I 
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Corollary 6.2. Let (p ■ , J, 9) —>■ {N,h) be a harmonic or pseudoharmonic map 

from a complete noncompact Sasakian manifold into a Kdhler manifold with strongly semi¬ 
negative curvature. If </> satisfies 



e{4>)'^ < Cr'^, 


then <p is a CR pluriharmonic map with the property {6. 


7 Siu-Sampson type results 

In this section, we will establish some results of Siu-Sampson type for both harmonic 
maps and pseudoharmonic maps from compact Sasakian manifolds. Similar to the results 
for harmonic maps from Kahler manifolds in [5l 1211 [22] , we may derive CR holomorphicity 
under rank conditions for harmonic and pseudoharmonic maps from compact Sasakian 
manifolds by analysing the curvature equations (I6.7|] . Note that Petit m also gave the CR 
holomorphicity results for harmonic maps from Sasakian manifolds using spinorial geometry. 
As mentioned previously, our method is different from his. Besides recapturing Petit’s 
results by using the moving frame method, we also add some new results which include 
the results for pseudoharmonic maps, the conic extension of harmonic maps from Sasakian 
manifolds and a unique continuation theorem for CR holomorphicity. 

Suppose now that the target manifold N is a locally symmetric space of noncompact 
type. Then the universal covering manifold of N is a symmetric space G/K, where K is 
a connected and closed subgroup of the noncompact connected Lie group G, and G/K \s 
given the invariant metric determined by the Killing form (, ) on g. If the corresponding 
Cartan decomposition of the Lie algebra of G is g = I -|- p, then the real tangent space of 
N at any point can be identified with p. The curvature tensor of N is given by 

R{X,Y)Z = -[[X,Y],Z], 

for any X,Y^Z G p, and the Hermitian curvature of N is given by 

{R{X,Y)Y,X) = ([A,K],[X,F]). (7.1) 

Therefore, (16.311 yields that 

[#(r„),#(T^)] = 0, (7.2) 

for any a, /?. In this way, we get 

Proposition 7.1. Let (M, J, 9) he a compact Sasakian manifold and N a locally symmetric 
space of noncompact type. If (p : M ^ N is either a harmonic map or a pseudoharmonic 
map, then (p is CR pluriharmonic and for any x € M, dcpx maps Ti^Mx onto an abelian 
subspace W o/ p ® C. 

Under the assumption of Proposition 17.11 the image under dcpx of real tangent space 
TxM is the subspace of real points of space W + W C. 

dim^d(px{TxM) = dimciW -|- W) < 2dim(cW. 
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Hence we obtain the following estimate: 

rank^{d(j)) < 2max{dirnicW\W C p (8) C, [IH, W] = 0}. (7.3) 

When G = SO{l,n), then dimW < 1 (cf. [H]). Thus we get the following result. 

Corollary 7.1. Let (M, J, 9) he a eompaet Sasakian manifold and N a manifold of eonstant 
negative curvature. If f : M ^ N is harmonic or pseudoharmonic, then rank^{d(l)) < 2. 

If G/K is a Hermitian symmetric space, then corresponding to any invariant complex 
structure on G/K we have the decomposition 

p (g) C = p^’° © p°’^, 

and the integrability condition [p^’°,p^’°] C p^’° is equivalent, in view of [p,p] C 1 , to 
[pi,o,pi, 0 ] _ pi,o ^g abohan subalgebra of p © C. 

Lemma 7.1. (cf. Let G/K be a symmetric space of non-compact type. Let IT C p©C 
be an abelian subspace. Then dimW < ^dimp © C. Equality holds in this inequality if and 
only if G/K is Hermitian symmetric and W = p^’° for any invariant complex structure on 
G/K. 

From (j7.3p and Lemma l7.11 we get immediately the following result. 

Corollary 7.2. Let f : M ^ N be as in Proposition \7. 1\ and suppose that N is not locally 
Hermitian symmetric. Then rankdcj) < dimN. 

The above corollary use only the case of strict inequality in Lemma f7.ll We have treated 
the case of equality in such detail in order to obtain the following theorem. 

Theorem 7.1. Let {M,J,9) be a compact Sasakian manifold and N a locally Hermitian 
symmetric space of noncompact type whose universal cover does not contain the hyperbolic 
plane as a factor. If (f : M ^ N is either a harmonic map or a pseudoharmonic map, and 
there is a point x € M such that d4>{TxM) = then (j) is CR holomorphic. 

Proof. Since dcfi/TifiM) is an abelian subspace of half the dimension, it must be p^’*^ for 
an invariant complex structure on N, i.e., d4>x{TifiMx) = p^’°. Consequently this property 
must hold on a neighborhood U of x. By Proposition 17.11 and Proposition 12.41 we have 
d(p{T) = 0. Therefore, the map (p is CR holomorphic on U. We get that the map cp is CR 
holomorphic on M by the following unique continuation Proposition 17.31 I 

Now, we will give some fundamental knowledge about the warped product. Let (BjQb) 
and {S,gs) be two Riemannian manifolds and / be a positive smooth function on B. Con¬ 
sider the product manifold B x S with its natural projections ttb ■ B x S ^ B and 
TTs '. B X S ^ S. The warped product B Xf S is the manifold B x S furnished with the 
following Riemannian metric 

9 = t^b{9b) + (/ o T^BfT^sids)- (7.4) 

The Levi-Civita connection of = B Xf S can now be related to those of B and S as 
follows. 
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Lemma 7.2. (cf. J7R p. 206]) Let V, and be the Levi-Civita connections on N, B 
and S respectively. If X, Y are vector fields on S and V,W are vector fields on B, the lift 
of X,Y,V,W to B Xf S is also denoted by the same notations, then 

(i) XyW is the lift of^VyW 

(ii) VyX = VxV" = ^X; 

(in) {XxY)b = -{g{X,Y)/f)gradf; 

(iv) is the lift of^VxY on S. 

Now we consider the special case: let (M, 0, J) be a strictly pseudoconvex CR manifold 
and C{M) be the manifold M'*' M endowed with the metric g = dr'^ + ^go- Therefore, 
by Lemma 17.21 we have 

v^—= 0, Va^ = Vx^ = -^, VxY = V^xY -^9eiX,Y)r—. (7.5) 

dr or dr or r 4 or 

Proposition 7.2. (ef. J^) If{M,J,9) is a Sasakian manifold, then {C{M),g) is Kdhler. 

Proof. Set C = s-iid define smooth section of EndrC'(M) by the formula 

JY = JY - e{Y)C, JC = T. (7.6) 

It is easy to see that J is an almost complex structure on C{M) and the metric g is 
Hermitian. From (j7.5p and (j7.6p we can show that VJ = 0. Thus C{M) is Kahler. I 
By (12.411 , (17.5p and (17.6p , we can derive the following Lemmas 17.3117.41 and 17.51 

Lemma 7.3. Let J, 0) be a Sasakian manifold, {C{M),g) its cone manifold, 

{N^,h) a Riemannian manifold. If : M ^ N is a harmonie map, then the conic ex¬ 
tension (f : C{M) —)• N defined by 

fi{x,r) = fix) (7.7) 


is also harmonic. 

Lemma 7.4. Let J, 0) be a Sasakian manifold, {C{M),g) its cone manifold, {N, h) 

a Riemannian manifold. If : M ^ N is a CR pluriharmonic map, then the conic extension 
(j) is a pluriharmonic map. 

Lemma 7.5. Let : (M, J, 6) —>■ {N, h, J') be a smooth map from a Sasakian manifold to 
a Kdhler manifold, {C{M),g) the cone manifold of M, the eonic extension of <]> is defined 
by (B- Then (j) is a CR holomorphic (resp. CR anti-holomorphic) map if and only if 
is holomorphic (resp. anti-holomorphic). 

In [22], Siu derived the following unique continuation theorem for holomorphicity. 

Lemma 7.6. (cf. 122] ) Suppose M,N are two Kdhler manifolds and : M ^ N is a 
harmonic map. Let U be a nonempty open subset of M. If is holomorphic (resp. anti- 
holomorphic) on U, then 4> is holomorphic (resp. anti-holomorphic) on M. 

From the Lemmas 17.3117.51 and 17.61 we get the following unique continuation theorem. 
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Proposition 7.3. Let (p : J, 0) —?> {N,h) be a harmonic map from a connected 

Sasakian manifold to a Kdhler manifold. Let U he a nonempty open subset of M. If p is 
CR holomorphic (resp. CR anti-holomorphic) on U, then p is CR holomorphic (resp. CR 
anti-holomorphic ) on M. 

Proof. From Lemma 17.31 we know that p : C{M) N \s harmonic. Suppose p is CR 
holomorphic on U. It follows from Lemma 17.51 that p is holomorphic on M_|_ U. Using 
Lemmas [731 and [731 we conclude that p is CR holomorphic on M. I 
Now we may establish the following results. 

Theorem 7.2. Let J, 0) be a compact Sasakian manifold and N be a Kdhler 

manifold with strongly negative curvature. Suppose p : M ^ N is either a harmonic map or 
a pseudoharmonic map, and rank^dp > 3 at some point of M, then p is CR holomorphic 
or CR anti-holomorphic on M. 

Proof. From Theorem 16.21 and Lemma 17.31 we know that p is harmonic. By Sin’s results, 
we have p is ztholomorphic on C{M). By Proposition 17.31 we conclude that p is CR 
iholomorphic on M. I 

Keeping in mind Udagawa’s proof to Theorem 4 of |26j the following result is relevant. 

Theorem 7.3. Every CR pluriharmonic map p : {M, J, 0) —>■ {N, h) from a Sasakian 
manifold M into an irreducible Hermitian symmetric space N of compact or noncompact 
type is CR ztholomorphic if MaxM^ank^dp > 2P{N) + 1, where P{N) is the degree of 
strong non-degenerate of the bisectional curvature of N (cf. f2^ for the definition of the 
degree of strong non-degenerate of the bisectional curvature of N). 

Proof. By Lemma 17.41 we have p is pluriharmonic. Since MaxM'rank^dp > 2P{N) + 
1 implies that Maxc(M)fO‘f^k^dp > 2P{N) + 1, by Theorem 4 of [26] we get that p is 
iholomorphic. From Lemma 17.51 we prove that p is CR ztholomorphic. I 
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